
1

Talk is based mainly on

“Gravitational Wave signatures of inflationary models from Primordial Black Hole Dark Matter “  
J. Garcia-Bellido, M. Peloso, C. Unal [ accepted for publication at JCAP, arXiv: 1707.02441 ]

Axion Model is based on

”Scale dependent Gravitational Waves and Non-Gaussianity from rolling axion”,  
R. Namba, M. Peloso, M. Shiraishi, L. Sorbo, C. Unal [ JCAP 1601:041 ]

• PBH Basics and PBH DM

• PBH production from Perturbations obeying different statistics

• Distinct GW Backgrounds at small scales

• Evolution of PBH from GW
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PBH Basics and PBH DM

• Many ways to produce PBH : Primordial perturbations, topological defects, bubble collisions, etc

• ! > !c collapse in re-entry in rad. dom.

• Only a small fraction of regions (βform) collapse but ρPBH grows w/ a(t) since PBH is NR matter

• Mass of BH ~ the horizon mass ~

See also talks of Kuhnel, Sasaki, Wands, Tenkanen, Vaskonen on PBH

PBH DM scenario has many distinctive EM and GW Signatures (scale dependent) :  
Early initialization of star formation, IMBH/SMBH, Induced GW spectrum from primordial scalar modes, 

Stochastic GW spectrum from collision of PBH during cosmic history, distortion due to energy injection, etc.
Garcia-Bellido 1702.08275

PTA-LIGO 
correspondence 

(later)

Garcia-Bellido, Peloso, Unal  ‘16

Motivation: 

i) No DM yet (+ No low energy SUSY sign yet)

ii) Detected binaries at LIGO are somehow heavier than BH with astrophysical origin

iii) Revised distortion constraints on PBH for masses larger than solar mass 

Bird et al ’16  |   Clesse & Garcia-Bellido ’16    |  Sasaki et al ‘16

Ali-Hamoud & Kamionkowski ’16 



Bounds and Statistics

Ω vs M (current)   β vs M (formation)   
with no evolution assumption

PBH production is extremely sensitive to both standard 
deviation (amplitude) and statistics (large curvature 
perturbations lie at the tail of the distribution!)

Non-Gaussian statistics (ie. Chi-square) is more efficient 
than Gaussian statistics in PBH production. 



Models for PBH DM
Gaussian Model

• Enhanced Primordial 
Scalar Modes

• Scalar modes obey 
Gaussian distribution

• NOT enhanced Primordial 
Tensor Modes

• Enhancement can be due to 
various methods

Non-Gaussian Rolling Axion ( "2 ) Model

Pattison et al ‘17

!Quantum diffusion effects 
need more understanding

To assess the relevance of these 

two features 

i) Enhanced Primordial Scalar+Tensor Modes (via same mechanism)

ii) Scalar modes obey "2 distribution

Lessons from Particle Production Mechanisms

Single Field Relations and a Question

❖ The scale of the inflation & the excursion of inflaton (two vital questions about inflationary era that we do not know)

✏ ⌧ 1 ensures that the inflaton is in slow roll (so, w ' �1), while ⌘ ⌧ 1 ensures

that inflation lasts for a significant amount of time.

The amount of e-folds to the end of inflation, �N ⌘ ln af

a(t) , which is required

to be at least ' 50� 60, can be calculated via

�N =

Z �

�f

1p
2✏

d�

Mp
(8)

2.3 Quantum Fluctuations

If there were no fluctuations, then there will not be enough time for these small

perturbations to construct the structure we have now.

The density contrast, �⇢
⇢ , fluctuates violently (ie O(10 � 103) for clusters of

galaxies, O(105) for galaxies and O(1030) for stars)

Inflation theory claims that the origin of these are quantum fluctuations of the

inflaton.

Energy content is coupled via Einstein equations, so fluctuations in field imprints

on metric. Then metric possesses both scalar (density) and tensor perturbations

(GW). The modes of these perturbations leaving horizon gets frozen till they re-

enter. Then after re-enter, they were amplified by non-linear nature of gravity.

In single field models of inflation, the standard mechanism of vacuum per-

turbations that we have just mentioned produced GW and scalar perturbations

that satisfy
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-Aim is to prodocue GW ( � ~A+� ~A ! �g ), and preventing from non-tolerable

amount of Non-Gaussian(NG) scalar perturbations ( � ~A+ � ~A ! �� )

-Problems with inflaton-gauge field coupling

-Use auxillary field with grav. coupling

-Problems with rolling axion-gauge field coupling with almost constant speed

-Di↵erent scale constraints of NG and GW -A realistic solution is using a po-

tential and remarkably the most natural one solves our problem
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As spectator fields are relativistic, we have burst of particles , but as inflaton rolls and gets massive; 
quadrupole moment is suppressed as well as GW production

Lesson 1
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❖ Question: How robust is the final equation in the existence of additional sources of gravity waves? Namely, is it 
possible to have                                      with respecting scalar perturbation limits? It is not an easy task! Since source also 
couples to scalar perturbations.
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More Lessons and Model

❖ However, the cases { (i)X is inflaton, (ii) X is not inflaton but directly couples to inflaton } are severely constrained by NG 
data. No direct coupling, only gravitational coupling is allowed!

Lesson 2

1/f 1/Mp
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The quanta �A are produced by the motion of � and controlled by ⇠

Only one vector field polarization is amplified, so this mechanism breaks parity.
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After defining slow-roll (SR) parameters, the coupled ordinary di↵erential
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❖ The simplest potential for an axion does the job (with negligible back-
reaction from vector field)
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Lesson 3
❖ The “sourced” spectrum is proportional to number of efolds axion is rolling,   PS                and 

BiSpectrum (BS)              .  Only limited time rolling! (ie axion gets massive)
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Ẋ2 � ⇢A

✓
@2

@⌧2
+ k2 ⌥ 2k aH ⇠

◆
A± = 0 (21)

⇠ ⌘ ↵ |Ẋ|
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More Lessons and Model

❖ However, the cases { (i)X is inflaton, (ii) X is not inflaton but directly couples to inflaton } are severely constrained by NG 
data. No direct coupling, only gravitational coupling is allowed!
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❖ The simplest potential for an axion does the job (with negligible back-
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❖ However, the cases { (i)X is inflaton, (ii) X is not inflaton but directly couples to inflaton } are severely constrained by NG 
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Q̂j = Ŝi(⌧, ~k) (21)

13

❖ The simplest potential for an axion does the job (with negligible back-
reaction from vector field)

V (�) =
⇤4

2


cos

✓
�

f

◆
+ 1

�
(17)

Lint = �↵
X

4f
F F̃ (18)

The Lagrangian is

L =
M2

p

2
R� 1

2
(@�)2 � V

inf

� 1

2
(@�)2 � V (�)� 1

4
F 2 � ↵

�

4f
F F̃ . (19)

Fundamental definitions: ⇤

4

2

⌘ 3 �H2 f2

� ' 2 f arctan
h
e�H(t�t⇤)

i
�̇ ' fH�

cosh [�H(t� t⇤)]
(20)

t⇤ is time for max velocity �(t⇤) =
⇡
2

f

Axion has considerable velocity only for �N ' 1

� e-folds

⇠ ⌘ ↵ �̇

2Hf
=

⇠⇤
cosh [�H (t� t⇤)]

=
2 ⇠⇤

⇣
a
a⇤

⌘�

+
�
a⇤
a

��

The quanta �A are produced by the motion of � and controlled by ⇠

Only one vector field polarization is amplified, so this mechanism breaks parity.

Anber and Sorbo : 2006

A
+

(⌧, k) '
✓
�⌧

8⇠k

◆
1/4

e⇡⇠�2

p
�2⇠k⌧ (21)

13

Cook and Sorbo : 11’

Senatore, Silverstein, Zaldarriaga: 11’

Barnaby, Moxon, Namba, Peloso, Shiu, Zhou : 12’

Barnaby, Namba, Peloso: 12’

Namba, Peloso, Shiraishi, Sorbo, CU : 16’

L � �g2(�� �⇤)2 A2

L � �g2(�� �⇤)2 �2

L � �↵
f �FF̃

hsourced � hvacuum

A+A �! h

A+A �! �X

A+A �! ��  ! ��

p
✏� ✏�

Ferreira and Sloth : 14’

Anber and Sorbo : 06’, 09’

/ �N2

/ �N3

-Aim is to prodocue GW ( � ~A + � ~A ! �h ), and preventing from non-

tolerable amount of Non-Gaussian(NG) scalar perturbations ( � ~A+ � ~A! �� )

-Problems with inflaton-gauge field coupling

-Use auxillary field with grav. coupling

-Problems with rolling axion-gauge field coupling with almost constant speed

12

Lesson 3
❖ The “sourced” spectrum is proportional to number of efolds axion is rolling,   PS                and 

BiSpectrum (BS)              .  Only limited time rolling! (ie axion gets massive)

Cook and Sorbo : 2011

Senatore, Silverstein, Zaldarriaga: 2011

Barnaby, Moxon, Namba, Peloso, Shiu, Zhou : 2012

L � �g2(�� �⇤)2 A2

L � �g2(�� �⇤)2 �2

L � �↵
f �FF̃

hsourced � hvacuum

A+A �! h

A+A �! �X

A+A �! ��  ! ��

p
✏� ✏�

Ferreira and Sloth : 2014

Anber and Sorbo : 2006, 2009

/ �N2

/ �N3

-Aim is to prodocue GW ( � ~A + � ~A ! �h ), and preventing from non-

tolerable amount of Non-Gaussian(NG) scalar perturbations ( � ~A+ � ~A! �� )

-Problems with inflaton-gauge field coupling

-Use auxillary field with grav. coupling

-Problems with rolling axion-gauge field coupling with almost constant speed

-Di↵erent scale constraints of NG and GW -A realistic solution is using a po-

tential and remarkably the most natural one solves our problem

12

Cook and Sorbo : 2011

Senatore, Silverstein, Zaldarriaga: 2011

Barnaby, Moxon, Namba, Peloso, Shiu, Zhou : 2012

L � �g2(�� �⇤)2 A2

L � �g2(�� �⇤)2 �2

L � �↵
f �FF̃

hsourced � hvacuum

A+A �! h

A+A �! �X

A+A �! ��  ! ��

p
✏� ✏�

Ferreira and Sloth : 2014

Anber and Sorbo : 2006, 2009

/ �N2

/ �N3

-Aim is to prodocue GW ( � ~A + � ~A ! �h ), and preventing from non-

tolerable amount of Non-Gaussian(NG) scalar perturbations ( � ~A+ � ~A! �� )

-Problems with inflaton-gauge field coupling

-Use auxillary field with grav. coupling

-Problems with rolling axion-gauge field coupling with almost constant speed

-Di↵erent scale constraints of NG and GW -A realistic solution is using a po-

tential and remarkably the most natural one solves our problem

12

Cook and Sorbo : 2011

Senatore, Silverstein, Zaldarriaga: 2011

Barnaby, Moxon, Namba, Peloso, Shiu, Zhou : 2012

L � �g2(�� �⇤)2 A2

L � �g2(�� �⇤)2 �2

L � �↵
f �FF̃

hsourced � hvacuum

A+A �! h

A+A �! �X

A+A �! ��  ! ��

-Aim is to prodocue GW ( � ~A + � ~A ! �h ), and preventing from non-

tolerable amount of Non-Gaussian(NG) scalar perturbations ( � ~A+ � ~A! �� )

-Problems with inflaton-gauge field coupling

-Use auxillary field with grav. coupling

-Problems with rolling axion-gauge field coupling with almost constant speed

-Di↵erent scale constraints of NG and GW -A realistic solution is using a po-

tential and remarkably the most natural one solves our problem

V� (�) =
⇤4

2


cos

✓
�

f

◆
+ 1

�
(17)

Lint = �↵
X

4f
F F̃ (18)

12

1/f

Cook and Sorbo : 2011

Senatore, Silverstein, Zaldarriaga: 2011

Barnaby, Moxon, Namba, Peloso, Shiu, Zhou : 2012

L � �g2(�� �⇤)2 A2

L � �g2(�� �⇤)2 �2

L � �↵
f �FF̃

hsourced � hvacuum

A+A �! h

A+A �! �X

A+A �! ��  ! ��

p
✏� ✏�

-Aim is to prodocue GW ( � ~A + � ~A ! �h ), and preventing from non-

tolerable amount of Non-Gaussian(NG) scalar perturbations ( � ~A+ � ~A! �� )

-Problems with inflaton-gauge field coupling

-Use auxillary field with grav. coupling

-Problems with rolling axion-gauge field coupling with almost constant speed

-Di↵erent scale constraints of NG and GW -A realistic solution is using a po-

tential and remarkably the most natural one solves our problem

V� (�) =
⇤4

2


cos

✓
�

f

◆
+ 1

�
(17)

Lint = �↵
X

4f
F F̃ (18)

12

Cook and Sorbo : 11’

Senatore, Silverstein, Zaldarriaga: 11’

Barnaby, Moxon, Namba, Peloso, Shiu, Zhou : 12’

Barnaby, Namba, Peloso: 12’

Namba, Peloso, Shiraishi, Sorbo, CU : 16’

L � �g2(�� �⇤)2 A2

L � �g2(�� �⇤)2 �2

L � �↵
f �FF̃

hsourced � hvacuum

A+A �! h

A+A �! �X

A+A �! ��  ! ��

p
✏� ✏�

Ferreira and Sloth : 14’

Anber and Sorbo : 06’, 09’

/ �N2

/ �N3

-Aim is to prodocue GW ( � ~A + � ~A ! �h ), and preventing from non-

tolerable amount of Non-Gaussian(NG) scalar perturbations ( � ~A+ � ~A! �� )

-Problems with inflaton-gauge field coupling

-Use auxillary field with grav. coupling

-Problems with rolling axion-gauge field coupling with almost constant speed

12

Hidden Sector

tential and remarkably the most natural one solves our problem

V (�) =
⇤4

2


cos

✓
�

f

◆
+ 1

�
(17)

Lint = �↵
X

4f
F F̃ (18)

The Lagrangian is

L =
M2

p

2
R� 1

2
(@�)2 � V

inf

(�)� 1

2
(@�)2 � V (�)� 1

4
F 2 � ↵

�

4f
F F̃ . (19)

Fundamental definitions: ⇤

4

2

⌘ 3 �H2 f2

� ' 2 f arctan
h
e�H(t�t⇤)

i
�̇ ' fH�

cosh [�H(t� t⇤)]
(20)

�̇2 � ⇢A

t⇤ is time for max velocity �(t⇤) =
⇡
2

f

Axion has considerable velocity only for �N ' 1

� e-folds
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More Lessons and Model

❖ However, the cases { (i)X is inflaton, (ii) X is not inflaton but directly couples to inflaton } are severely constrained by NG 
data. No direct coupling, only gravitational coupling is allowed!
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❖ The simplest potential for an axion does the job (with negligible back-
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Figure 6: Left: Temperature-temperature CMB power spectrum. The final
WMAP data [17] are compared against the theoretical curves, evaluated for
✏� = 10�5 and for � = 0.2. The value of ⇠⇤ chosen corresponds to the 95%
C.L. upper bound consistent with these data. Right: CBB

l coe�cients. Colored
solid lines: the theoretical result, with ✏� = 10�5, and with ⇠⇤ at the 95% CL
limit (given on the left). Black dashed lines: scale invariant r = 0.1, 10�2, 10�3

(from top to bottom)

the right panel of figure (5).

The sourced tensors are more relevant at smaller values of ✏� relative to the

sourced scalars.

Finally, figure (6) exhibits TT and BB autocorrelations for ⇠⇤ around 4.5

and various bump scales with � = 0.2. The desired bump e↵ect has been

generated between multipoles ` ⇡ 10 � 100 depending on the choice of bump

scale. However, in case of the strong scale dependence of the sourced modes (ie

relatively larger �), the detection of B-mode can be either around reionization

bump or B-mode peak l ⇡ 80, but not both.
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❖ Physical parameters in the hidden sector are strongly time-dependent; therefore adiabatic (nearly constant) approximation for 
particle production parameter, ξ, fails. We used WKB approximation (for the shape) and fixed the normalization factor using 
the exact numerical solutions.

tilt that assume a very small running). Nonetheless, to be conservative, we impose that
�̇2

⇤ = (fH�)2 ⌧ �̇2 ' 2✏�H2M2

p . Therefore, we impose the two conditions

f

Mp
⌧ 1p

2�
and

p
2 ✏�
�

. (2.7)

which can be easily enforced.

2.1 Amplification of the fluctuations of the gauge field

The last term in the lagrangian (2.1) is responsible for the amplification of the vacuum
fluctuations of the gauge field. To see this, we choose the Coulomb gauge and we define

Âi(⌧, ~x) =

Z
d3k

(2⇡)3/2
ei
~k·~xÂi(⌧,~k) =

X

�=±

Z
d3k

(2⇡)3/2

h
✏(�)i (~k)A�(⌧, ~k) â�

⇣
~k
⌘
ei
~k·~x + h.c.

i
,

(2.8)

where the helicity vectors ~✏ (±) satisfy ~k · ~✏ (±) = 0, i~k ⇥ ~✏ (±) = ±k~✏ (±), ~✏ (±) · ~✏ (⌥) = 1 and
~✏ (±) · ~✏ (±) = 0. Explicitly, if k̂ = (sin ✓ cos�, sin ✓ sin�, cos ✓), then

~✏ (±)

⇣
k̂
⌘
=

1p
2
(cos ✓ cos�⌥ i sin�, cos ✓ sin�± i cos�, � sin ✓) . (2.9)

The mode functions A± satisfy the equation

A00
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✓
k2 ⌥ k

↵�0

f

◆
A± = 0 , (2.10)

where the prime denotes di↵erentiation with respect to the conformal time ⌧ . In the case of
spatially flat, inflating Universe with Hubble parameterH and scale factor a(⌧) = �1/(H ⌧),8

the second term in parentheses in eq. (2.10) reads k ↵�0/f = �2 k ⇠/⌧ .
For constant values of ⇠, eq. (2.10) can be solved exactly [32]. In our case, we must

solve the following equation

A00
± +

0

@k2 ± 4 k ⇠⇤

⌧
h
(⌧/⌧⇤)

� + (⌧⇤/⌧)
�
i

1

AA± = 0 , (2.11)

where ⇠⇤ is defined in (2.6), and ⌧⇤ ⌘ �1/(a⇤H). Without loss of generality, we set ⇠⇤ > 0.
As a consequence, only positive helicity modes are amplified, and we can neglect the A�
mode.

The solution of eq. (2.11) cannot be written in closed form. However we can obtain a
good analytical approximation of the time dependence of A

+

(⌧, k) using the WKB approxi-
mation, finding (see Appendix A)

A
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8 k ⇠(⌧)
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1/4

Ã (⌧, k) , A0
+

(⌧, k) '

k ⇠(⌧)

�2 ⌧

�
1/4

Ã (⌧, k) , (2.12)

8In this work, we disregard all terms that are subdominant in a slow-roll expansion.
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where we have defined

Ã (⌧, k) ⌘ N [⇠⇤, x⇤, �] exp

"
�4 ⇠1/2⇤
1 + �
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#
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with x⇤ ⌘ �k⌧⇤ = k/(a⇤H). We determine the time-independent normalization factor
N [⇠⇤, x⇤, �] by matching A

+

at late time �k⌧ ⌧ 1 to the full numerical solution of (2.11).
We choose the arbitrary initial phase of A

+

such that N [⇠⇤, x⇤, �] is real and positive. As a
result, in what follows we will use the following expression for the gauge field

Â
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, (2.14)

with the function A
+

(⌧, k) given by eq. (2.12).
For future reference we give here also the “electric” and “magnetic” field, 9 which are

related to the vector potential by
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Â0
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and therefore read
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(2.16)

using the approximate solution (2.12).

3 Sourced primordial perturbations

This section is divided in two subsections. In Subsection 3.1 we study the scalar modes
generated by the vector modes computed in the previous section. In Subsection 3.2 we study
the sourced tensor modes.

3.1 Generation of scalar perturbations

The action (2.1) contains two scalar and two tensor degrees of freedom as dynamical modes.
After taking the spatially flat gauge, the scalar sector metric reads

ds2 = a2 (⌧)
⇥� (1 + 2�) d⌧2 + 2@iB dxid⌧ + �ijdx

idxj
⇤
, (3.1)

and, after solving for the non-dynamical variables � and B, we decompose the remaining
physical modes �̂(⌧, ~x) and �̂(⌧, ~x) as

�̂(⌧, ~x) = � (⌧) +

Z
d3k

(2⇡)3/2
ei
~k·~x

Q̂�

⇣
~k
⌘

a (⌧)
,

�̂(⌧, ~x) = � (⌧) +

Z
d3k

(2⇡)3/2
ei
~k·~x

Q̂�

⇣
~k
⌘

a (⌧)
, (3.2)

9We do not need to identify the gauge field considered here with the Standard Model photon. Nonetheless,
we sometimes use electromagnetic notation for convenience.
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k

k⇤
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k/a⇤
H

(26)

The equations of motion for chiral tensor perturbations Q̂� take the form
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(27)

where in the last eqn (28), ⇧ij,� is polarization tensor which projects tensor

perturbations hij into 2 di↵erent polarizations, represented by ±.
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= ŜTT

� (⌧, ~k) , (28)

Final step in computation is to convert variables into gauge-invariant (stays

intact under coordinate transformations) observables.

-h is an invariant, immediately use it

-In spatially flat gauge, field perturbation is directly related with gauge invariant

curvature perturbations.

⇣̂
⇣
⌧,~k

⌘
= �H

�̇
��̂

⇣
⌧,~k

⌘
' H⌧p

2 ✏� Mp

Q̂�

⇣
⌧,~k

⌘
(29)

We are interested in the power spectrum and bispectrum of the scalar cur-

vature ⇣ and of GW polarizations, h±.

D
⇣̂
⇣
~k
⌘
⇣̂
⇣
~k0
⌘E

⌘ 2⇡2

k3
P⇣ (k) �

(3)

⇣
~k + ~k0

⌘
,
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More Lessons and Model

❖ However, the cases { (i)X is inflaton, (ii) X is not inflaton but directly couples to inflaton } are severely constrained by NG 
data. No direct coupling, only gravitational coupling is allowed!
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Figure 6: Left: Temperature-temperature CMB power spectrum. The final
WMAP data [17] are compared against the theoretical curves, evaluated for
✏� = 10�5 and for � = 0.2. The value of ⇠⇤ chosen corresponds to the 95%
C.L. upper bound consistent with these data. Right: CBB

l coe�cients. Colored
solid lines: the theoretical result, with ✏� = 10�5, and with ⇠⇤ at the 95% CL
limit (given on the left). Black dashed lines: scale invariant r = 0.1, 10�2, 10�3

(from top to bottom)

the right panel of figure (5).

The sourced tensors are more relevant at smaller values of ✏� relative to the

sourced scalars.

Finally, figure (6) exhibits TT and BB autocorrelations for ⇠⇤ around 4.5

and various bump scales with � = 0.2. The desired bump e↵ect has been

generated between multipoles ` ⇡ 10 � 100 depending on the choice of bump

scale. However, in case of the strong scale dependence of the sourced modes (ie

relatively larger �), the detection of B-mode can be either around reionization

bump or B-mode peak l ⇡ 80, but not both.
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❖ Physical parameters in the hidden sector are strongly time-dependent; therefore adiabatic (nearly constant) approximation for 
particle production parameter, ξ, fails. We used WKB approximation (for the shape) and fixed the normalization factor using 
the exact numerical solutions.

tilt that assume a very small running). Nonetheless, to be conservative, we impose that
�̇2

⇤ = (fH�)2 ⌧ �̇2 ' 2✏�H2M2

p . Therefore, we impose the two conditions

f

Mp
⌧ 1p

2�
and

p
2 ✏�
�

. (2.7)

which can be easily enforced.

2.1 Amplification of the fluctuations of the gauge field

The last term in the lagrangian (2.1) is responsible for the amplification of the vacuum
fluctuations of the gauge field. To see this, we choose the Coulomb gauge and we define

Âi(⌧, ~x) =

Z
d3k

(2⇡)3/2
ei
~k·~xÂi(⌧,~k) =

X

�=±

Z
d3k

(2⇡)3/2

h
✏(�)i (~k)A�(⌧, ~k) â�

⇣
~k
⌘
ei
~k·~x + h.c.

i
,

(2.8)

where the helicity vectors ~✏ (±) satisfy ~k · ~✏ (±) = 0, i~k ⇥ ~✏ (±) = ±k~✏ (±), ~✏ (±) · ~✏ (⌥) = 1 and
~✏ (±) · ~✏ (±) = 0. Explicitly, if k̂ = (sin ✓ cos�, sin ✓ sin�, cos ✓), then

~✏ (±)

⇣
k̂
⌘
=

1p
2
(cos ✓ cos�⌥ i sin�, cos ✓ sin�± i cos�, � sin ✓) . (2.9)

The mode functions A± satisfy the equation

A00
± +

✓
k2 ⌥ k

↵�0

f

◆
A± = 0 , (2.10)

where the prime denotes di↵erentiation with respect to the conformal time ⌧ . In the case of
spatially flat, inflating Universe with Hubble parameterH and scale factor a(⌧) = �1/(H ⌧),8

the second term in parentheses in eq. (2.10) reads k ↵�0/f = �2 k ⇠/⌧ .
For constant values of ⇠, eq. (2.10) can be solved exactly [32]. In our case, we must

solve the following equation

A00
± +

0

@k2 ± 4 k ⇠⇤

⌧
h
(⌧/⌧⇤)

� + (⌧⇤/⌧)
�
i

1

AA± = 0 , (2.11)

where ⇠⇤ is defined in (2.6), and ⌧⇤ ⌘ �1/(a⇤H). Without loss of generality, we set ⇠⇤ > 0.
As a consequence, only positive helicity modes are amplified, and we can neglect the A�
mode.

The solution of eq. (2.11) cannot be written in closed form. However we can obtain a
good analytical approximation of the time dependence of A

+

(⌧, k) using the WKB approxi-
mation, finding (see Appendix A)

A
+

(⌧, k) '
 �⌧

8 k ⇠(⌧)
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1/4

Ã (⌧, k) , A0
+

(⌧, k) '

k ⇠(⌧)

�2 ⌧

�
1/4

Ã (⌧, k) , (2.12)

8In this work, we disregard all terms that are subdominant in a slow-roll expansion.
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where we have defined

Ã (⌧, k) ⌘ N [⇠⇤, x⇤, �] exp

"
�4 ⇠1/2⇤
1 + �
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⌧
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◆�/2

(�k⌧)1/2
#

, (2.13)

with x⇤ ⌘ �k⌧⇤ = k/(a⇤H). We determine the time-independent normalization factor
N [⇠⇤, x⇤, �] by matching A

+

at late time �k⌧ ⌧ 1 to the full numerical solution of (2.11).
We choose the arbitrary initial phase of A

+

such that N [⇠⇤, x⇤, �] is real and positive. As a
result, in what follows we will use the following expression for the gauge field

Â
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with the function A
+

(⌧, k) given by eq. (2.12).
For future reference we give here also the “electric” and “magnetic” field, 9 which are

related to the vector potential by
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a2
Â0
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1
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✏ijk @jÂk , (2.15)

and therefore read
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(2.16)

using the approximate solution (2.12).

3 Sourced primordial perturbations

This section is divided in two subsections. In Subsection 3.1 we study the scalar modes
generated by the vector modes computed in the previous section. In Subsection 3.2 we study
the sourced tensor modes.

3.1 Generation of scalar perturbations

The action (2.1) contains two scalar and two tensor degrees of freedom as dynamical modes.
After taking the spatially flat gauge, the scalar sector metric reads

ds2 = a2 (⌧)
⇥� (1 + 2�) d⌧2 + 2@iB dxid⌧ + �ijdx

idxj
⇤
, (3.1)

and, after solving for the non-dynamical variables � and B, we decompose the remaining
physical modes �̂(⌧, ~x) and �̂(⌧, ~x) as

�̂(⌧, ~x) = � (⌧) +

Z
d3k

(2⇡)3/2
ei
~k·~x

Q̂�

⇣
~k
⌘

a (⌧)
,

�̂(⌧, ~x) = � (⌧) +

Z
d3k

(2⇡)3/2
ei
~k·~x

Q̂�

⇣
~k
⌘

a (⌧)
, (3.2)

9We do not need to identify the gauge field considered here with the Standard Model photon. Nonetheless,
we sometimes use electromagnetic notation for convenience.
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x⇤ = �k⌧⇤ =
k

k⇤
=

k/a⇤
H

(26)

The equations of motion for chiral tensor perturbations Q̂� take the form

✓
@2

@⌧2
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i
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(27)

where in the last eqn (28), ⇧ij,� is polarization tensor which projects tensor

perturbations hij into 2 di↵erent polarizations, represented by ±.
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~k, ⌧

⌘
= ŜTT

� (⌧, ~k) , (28)

Final step in computation is to convert variables into gauge-invariant (stays

intact under coordinate transformations) observables.

-h is an invariant, immediately use it

-In spatially flat gauge, field perturbation is directly related with gauge invariant

curvature perturbations.

⇣̂
⇣
⌧,~k

⌘
= �H

�̇
��̂

⇣
⌧,~k

⌘
' H⌧p

2 ✏� Mp

Q̂�

⇣
⌧,~k

⌘
(29)

We are interested in the power spectrum and bispectrum of the scalar cur-

vature ⇣ and of GW polarizations, h±.

D
⇣̂
⇣
~k
⌘
⇣̂
⇣
~k0
⌘E

⌘ 2⇡2

k3
P⇣ (k) �

(3)

⇣
~k + ~k0

⌘
,
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Figure 3. Diagrammatic expression for the GW induced by scalar perturbations in the Gaussian
bump model.

4 Primordial vs. Induced Gravitational Waves

We identify three distinct populations of GW associated with PBH.6

In order of their formation, they are:

1. The GW produced during inflation by the same mechanism that produces the enhanced
scalar perturbations that later become PBH at reentry. We refer to this population as
the “primordial GW”, and we denote it as hp.7

2. The GW sourced by the enhanced scalar perturbations. This gravitational production is
maximized when the scalar modes re-enter the horizon during the radiation dominated
era. We refer to this population as the “induced GW”, and we denote it as hi.

3. The GW produced by the merging of PBH binaries, since formation until today [23, 24].

In this work we study the first two populations, in the context of the Gaussian bump
model and of the rolling axion bump model introduced in the previous section.

The Gaussian bump model assumes that no significant primordial GW are produced.
The induced GW are produced by the scalar curvature modes through standard nonlinear
gravitational interactions, through a process diagrammatically shown in Figure 3. The gravi-
tational interaction is schematically of the type h⇣2, where h is a tensor mode of the metric
(the GW) and ⇣ is the scalar curvature (in this schematic discussion we do not indicate the
tensorial indices, nor the spatial derivatives acting on ⇣, which characterize the interaction).
The tensor mode sourced by this interaction obeys a di↵erential equation that can be solved
through a Green function, G (⌘, ⌘0), schematically described as

hi (⌘) =

Z ⌘

d⌘0 G
�
⌘, ⌘0

�
⇣
�
⌘0
�
⇣
�
⌘0
�
, (4.1)

where ⌘ is (conformal) time, and where the right hand side contains also a convolution in
momenta. This leads to a contribution to the GW power spectrum, schematically as

hhi (⌘)hi (⌘)i =
Z ⌘

d⌘0
Z ⌘

d⌘00 G
�
⌘, ⌘0

�
G
�
⌘, ⌘00

� ⌦
⇣
�
⌘0
�
⇣
�
⌘00
�↵ ⌦

⇣
�
⌘0
�
⇣
�
⌘00
�↵

. (4.2)

6In addition to the signals considered here, there is also the stochastic background from the non-spherical
collapse of PBH [1]. This background can be estimated as ⌦nsc, 0 = E ·� ·⌦rad,0, where E indicates the e�ciency
of converting the horizon mass during formation of PBH to GW and � is the fraction of causal domains that
collapse into a PBH. Using the bound �

<⇠ 2 ⇥ 10�8, from Figure 1, we can estimate ⌦nsc, 0 h
2
<⇠ 10�12 · E ,

which is much smaller than the signals studied here, and thus is ignored.
7These are not the vacuum tensor fluctuations produced during quasi-de-Sitter inflation, which are negli-

gible on these scales.
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hp hp
+

hp hi +
hi hp

Figure 5. One and two-loop contributions to the GW signal in the rolling axion bump model. These
diagrams give the amplitude of the primordial GW, and of the cross-correlation with the induced
GW. Intermediate solid (resp. wiggly) lines represent scalar (resp. gauge field) perturbations.

hi hi +
hi hi +

hi hi

Figure 6. Auto-correlation of the induced GW signal in the rolling axion bump model. Intermediate
solid (resp. wiggly) lines represent scalar (resp. gauge field) perturbations.

sourced by these scalar modes. In fact, we will see that hp dominates over hi in the rolling
axion bump model.

Even if we ignore hp, the study that we perform here constitutes, to the best of our
knowledge, the first attempt to fully compute the hhihii auto-correlation in a Non-Gaussian
model, where the source of the enhanced scalar perturbations is completely specified. In
the previous literature, when studying the induced GW in the context of PBH formation,
the scalar perturbations are typically assumed to be Gaussian, so that the source term
h⇣4i in hhihii =

R
d⌘0d⌘00G2

⌦
⇣4
↵
can be written as the product of two point functions P 2

⇣ ,
see Eq. (4.3). In the present context, this Gaussian contribution corresponds to just the
first diagram of Figure 6. The other two diagrams only emerge when a concrete model is
considered, and analogous additional diagrams could be present also for di↵erent concrete
mechanisms, where e.g. more fields are involved.

In general, the 4-point correlator
⌦
⇣4
↵
cannot be expressed completely in terms of prod-
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Figure 4. Primordial and induced GW in the rolling axion bump model.

The two expressions (4.1) and (4.2) are diagrammatically shown in Figure 3.
Adding up the two GW polarizations (the induced GW is not polarized, since it is

sourced by the scalar ⇣), the total explicit expression corresponding to (4.2) is [21]

Phi(⌘, k) =
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(4.3)

where p is the loop momentum, z is the cosine of the angle between k and p, and where

FT (u, v) = 2T (u)T (v) + T̃ (u)T̃ (v) , (4.4)

with

T (u) =
9

u2

"
sin(u/

p
3)

u/
p
3

� cos(u/
p
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#
, T̃ (u) =

3
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p
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+ 6 cos(u/
p
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#
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(4.5)

Let us now turn our attention to the rolling axion bump model. In this case, both
primordial and induced GW are present. Figure 4 shows how the GW are produced from the
vector field A amplified by the rolling axion. The primordial GW are produced by the vector
fields during inflation. The autocorrelation hhphpi is of the form (3.4). This correlator was
computed in [16, 49], and it is given by the first diagram of Figure 5.

The induced GWB is produced during the radiation dominated era (mostly at horizon
re-entry) by the scalar perturbations that were sourced by the vector fields during inflation.
The induced GW signal in this model was never computed, and it is one of the original
results of the present work. Due to the fact that both hp and hi originate from the vector field
perturbations, the total power spectrum h(hp + hi)

2i contains also a mixed-term contribution,
given by the second and third diagram of Figure 6.

The presence of hp therefore provides additional contributions to the GW power, that
are typically disregarded in works of GW from PBH. Disregarding this signal may not always
be a proper assumption, since the production of PBH required a mechanism that enhances
the scalar perturbations during inflation, and this mechanism can in principle enhance also
the primordial GW. The relevance of hp over hi is particularly important in the case in which
the scalar perturbations obey Non-Gaussian statistics, as we will show below. The reason for
this is that PBH bounds constrain the scalar power much more in the case of Non-Gaussian
vs. Gaussian statistics (see Figure 2). This then limits the amount of induced GW which are
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and by ⇣ at re-entry

PTA-LIGO correspondence!!! 

No detection → !c < 0.05; This rules out PBH 

DM if there is no extreme evolutionary effects



GW w/ Different Evolution

Non-Gaussian CaseGaussian Case

Garcia-Bellido, Peloso, Unal ‘17

All previous studies assume trivial evolution (neglect gas accretion onto PBH and PBH mergers) 

Both induced and primordial GW spectra carry information about formation time not current time. 

So compare it with current BH mass function!

Merging  ($) : nPBH                      ρPBH                                     

Accretion (&) : nPBH                       ρPBH                    

(neglecting GW leakage) Simple Mass Independent Parametrization

M→ MPBH x$        n→ nPBH /$

 M→ MPBH x&         n→ nPBH 

With evolution → Smaller Mform→ Higher fform     since  f ∝ M-1/2



Conclusions and Questions

• GW astronomy era has started 

• PBH DM is a compelling scenario with distinct predictions

• There exists an interesting correspondence between PTA scales stochastic GW 

backgrounds and LIGO scales BH coalescences

• We can learn much more about small scales signatures (late times of inflation) via GW

Thanks for your attention and questions


