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Two Integrals
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Perturbation Theory
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Projection onto spherical harmonic
space
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Lensing magnification Is the
dominant cross-correlation
between galaxy samples with
large separation in redshift.
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Linear redshift-space distortions

9 [ | |
weer (X, X') = - / dk k* P(k) je(kx) jer (kX')
0

- Need w, with second derivative on the spherical Bessels
« Can be expressed as a linear combination of w,, with ' = { £ 2.
> Lot’s of w,, are needed!

We don’t want to spend a
We—2,—-2 We-2,6 We—-2,042 week on a supercomputer to
Wy ¢—2 Wy ¢ Wy 042 compute these.

We420—2 We420 We42 042 _ _
e M e A minute on a laptop Is better!



Problems with the two integrals

( (1) = /O ) k;:zk P(k) jégf;) weer (X, X') = % /O ) dk k% P(k) je(kx) je (kx')

Spherical Bessel functions are Oscillatory, and decay slowly (~1/x).
Coefficients are exponentially complex for higher L. (need £~1000)

Integration must be done from 0 to infinity, that is, over many many
oscillations.



in[1]= Table[SphericalBesseld[n, x] // FunctionExpand, {n, 0, 17}]

Sin[x] Cos [X] Sin[x] 3 Cos|[x] (3 —xz) Sin|[x] (—15 +x2) Cos[x] 3 (—5 + 2};2) Sin|[X] 5 (—21 + 2};2) Cos[x] (105 ~ 45 x? +x4) Sin|[x]
Outtl= {—’ - N 2 ' 2 N 3 ’ 3 - 1 ’ 1 N 5 ’
X X X X X X X X X
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5 " 6 ro 6 " 7 d
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(135135 +17325x%x% - 378x" +x°) Cos[x] 7 (-19305+8910x*-450x"+4x°)sSin[x] 9 (-225225+30030x”-770x" +4x°) Cos[x] (2027025-945945x” +51975x" - 630x° + x°) Sin[x]
— -
x’ x8 ' x® x? '
(-34459425 +4729725x%x% - 135135 x" + 990x°® - x°) Cos[x] 45 (765765-360360x"+21021x"-308x° +x®) Sin[x]
+
59 %10 d
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- +
%10 x11 d
(137149310575 + 1964 187225 x* - 64324260 x* + 675675 x° - 2145x° + x'°) Cos[x] 33 (-416645775+ 198402750 - 12530700 x* + 229 320x° - 1365 x° + 2 x'?) Sin[x]
%11 - %12 d

39 (-8108567775 + 1175154750 x* - 40291020 x* + 471240 x°* - 1925 x°® + 2x'%) Cos[x]

4+

XlZ

(316234143225 - 151242416325 x” + 9820936 125x" - 192972780 x°® + 1351350x° - 3003 x'° + x*?) Sin[x]

r
Xl3

(7905853580625 + 1159525191 825 x* - 41247931725 x* + 523783260 x° - 2552550x® + 4095 x'? - x'?} Cos [x]

+ Need up to £ = 1000

91 (86877511875 - 41701205700 x* +2770007625x" - 57558600x° + 454 410x° - 1320 x'% + x'?) Sin[x]

r
xl4

105 (2032933777875 -301175374500 x* + 11043097 065 x* - 149652360 x° + 831402 x° - 1768 x'° + x'?) Cos[x]

a 14 *
X

(213458046676 875 - 102776096 548 125x* + 6957 151 150950 x* - 151242416 325 x° + 1309458 150 x° - 4594590 x'° + 5460 x'? - x'*) sin[x]

r
X15
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X15
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r
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4

xlﬁ
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r
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+

Xl?
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%18 }




Key ldea: Projection
IS Convolution!

* Introduce logarithmic variables — Convolution integral!

* Convolution is Multiplication in Fourier-space
* Can calculate convolution kernel analytically
e Use FFT

Talman 1978



The first integral: ~1.3ms on laptop!
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The second integral

Projection onto spherical harmonic space:

Wi (X, X') = ,i/omdk k* P(k) jo(kx) Jo(kX')

Spherical Bessel functions j;(kr) are highly oscillatory!



The second integral

Projection onto spherical harmonic space:

Wi (X, X') = i/omdk k* P(K) jo(kx) Jo(kx')

Spherical Bessel functions j;,(kr) are highly oscillatory!
Defining logarithmic variables , o, and R s.t.

k = ko €" X = Xo €’ X' = Rx,



The second integral

Projection onto spherical harmonic space:

Wae (X, X') = ,i/om dk k* P(k) jo(kx) Je(kX')

Spherical Bessel functions j;,(kr) are highly oscillatory!
Defining logarithmic variables «, p, and R s.t.

k= koe" X = Xo €’ X' = Rx.
Eq. (1) becomes a convolution type integral:

2ks es N
Wi (X, RXx) = —e q"/ dk % P(kye™)

(1 pJE(kUXUeh ) Jo(koRxoe™ ")

g 1S a biasing parameter.



The second integral

Projection onto spherical harmonic space:
2 [o© | _
Wae (X, X') = ;/O dk k* P(k) jy(kx) Je(kx')

Spherical Bessel functions j;,(kr) are highly oscillatory!
Defining logarithmic variables «, p, and R s.t.

k = koe" X = Xo €’ X' = Rx.
Eq. (1) becomes a convolution type Integral:

2ks es }
Wi (X, RX) = —e ‘”’/ dk % P(koe")

(1 PJE(kOXOeh ) Jo(koRxoe™ ")

g 1S a biasing parameter.
Convolution is Multiplication! Define ¢9(t) and M},(t, R) s.t.

e(3-0% p(k,e*) = / dt et ¢9(t)

. _ dt
e? Jo(koxo€” ) Je(koRXo€”) = S e’ Mfg,(t R).



The second integral

Projection onto spherical harmonic space:
2 poo | | M}, (t,R) = /dae(q_it)gj (ae?) jo (Be?)
Wae (X, X') = ;/O dk k* P(k) jo(kx) Je(kxX)

—1—1t
a7t [as (2)" " dus) (o)
Spherical Bessel functions j;(kr) are highly oscillatory! (af) e
Defining logarithmic variables kK, p, and R s.t. — a“‘q/ds sT7 17" 5,(5) jo (Rs)
/

k = koe" X = Xo €’ X = RX, =" U (R,q— 1 —it) (26)

Eq. (1) becomes a convolution type Integral: where s — ae?, or ¢ = In(s/a), and Ugs (R, ) is given

in terms of the Gauss hypergeometric function 5 F} as

2ks L3-0) }
Wi (X, RX) = —e ‘”’/ dk * P(koe™)

) U (R, 1)
L{(1+£¢+¢ +n)/2
_ | L[(2+¢—¢ —n)/2]T[2 + 2]
) . /[ /
g Is a biasing parameter. szl( b+ +n 1+40+7 +n;%+£’;R2>.

Convolution is Multiplication! Define ¢9(t) and M,,(t, R) s.t. 2 2

(1 PJE(kOXOeh ) Jo(koRxoe™ ") —on—2pl

(27)

e(3-0% p(k,e*) = / dt et ¢9(t)

. _ dt
e? Jo(koxo€” ) Je(koRXo€”) = S e’ Mfg,(t R).

The 2-FAST core:

> dt
wee (X, RX) = 4k; _qp/

gt ME(t. R).



The second integral

Projection onto spherical harmonic space:
2 [ o My (4, R) = [ do @7 ji(ae”) ju (5e")
Wep (X, X') = — / dk k* P(k) je(kx) ju(kX') s
T Jo 1 S\ ¢ v :
_ _ _ _ _ =« /ds (—) Je(s) jer (Rs)
Spherical Bessel functions j;,(kr) are highly oscillatory! o
Defining logarithmic variables k, p, and R s.t. - ait—q/dg s9717% 50(3) ju (Rs)

K= Kpe - X = X0 e’ XI — RX = = "1 U (R, q — 1 — it) (26)
Eq. (1) becomes a convolution type Integral:

where s = ae?, or ¢ = In(s/a), and Uy (R,n) is given
in terms of the Gauss hypergeometric function 5 F} as

2ks es }
Wi (X, RX) = —e ‘”’/ dk % P(koe")

) Ug(R,n)
Ll(1+2+20+n)/2
| L[(2+¢—¢ —n)/2]T[2 + 2]

. . . i Y/ /L /
g is a biasing parameter. szl( b+ +n 1+0+7 +n;%+€f;R2)_

(1 PJE(kOXOeh ) Jo(koRxoe™ ") —on—2pt',

Convolution is Multiplication! Define ¢9(t) and M},(t, R) s.t. 2 | 2 27
e(3-0% p(k,e*) = / dt et ¢9(t)
| | dt .. Talman 1978 had £ =¥’
e Jo(koxo€”) Je(koRXo0€”) = %Em Mfg,(t R) .
The 2-FAST core: £ # 0’ needed for redshift-space distortion

> qat

r _ 3 _.—qp Ipt +q q
W (X, RX) = 4Ky € /mzw P(t) Mt R). How to calculate M (t,R) for large £?



The second integral

Projection onto spherical harmonic space:

W (X, X') = i /O " dk K P(k)Je(kx) Jo(kx')

My (4, R) = [ do @7 ji(ae”) ju (5e")

— a_I/ds (i) e Je(s) jer (Rs)

Spherical Bessel functions j;,(kr) are highly oscillatory! .
Defining logarithmic variables K, p, and R s.t. = a“‘q/ds s~ 17 (s){ 8&’,@

k = ko €" X = Xo € X' = Rx. E%ﬁq\@tﬁﬁ fungs \ (26)
Eq. (1) becomes a convolution type integral. Usgvﬁmﬁ)ﬁag, or ¢ = In(s/a), and Uy (R,n) is given

(x. Rx) = D k3 4 i | oG- P(k ,)_ Ga in terms of the Gauss hypergeometric function 5 F; as
Wee (X, RX) = ——¢€ / K 0e”
] ) Uee: (R, 1)
(k+p I KEOY [k R _ o 0! F[(l—l—f—l—ﬁ’—l—n)/?]
JE( oxo€" ") Je(koRxo€" ) 2'V“R WP[(Q—I—E—E’—H)/Q]F[%—I—E’]

. L i i /
g is a biasing parameter. ngl( b+0+n 1+0+7 +n;%+€f;Rz>_

Convolution is Multiplication! Define ¢9(t) and M},(t, R) s.t. 2 | 2 27
G- P(kye) = / dt e~/5t pa(t)
| | dt .. Talman 1978 had £ =¥’
e? Jo(koxo€” ) Je(koRXo€”) = %Em Mfw(t R).
The 2-FAST core: £ # 0’ needed for redshift-space distortion

> dt

r _ 3 _.—qp Ipt +q q
W (X, RX) = 4Ky € /mzqr P(t) Mt R). How to calculate M (t,R) for large £?



R<1
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Miller’s algorithm: Backwards Recursion

Absolute value of Myy(R = 0.9,m = 500,q = 1.0, Al = 4) Relative Error in My (R = 0.9,m = 500,q = 1.0, Al = 4)
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1071~ |3(M010)Arb "' ﬂ:‘,,“
T R R N TR A SR NN SR TN SR N TR SR SN NN S SR S NN SR S L1 L L LT L1 ! L
0 200 400 600 800 1000 1200 1400 0 200 400 600 800 1000 1200 1400

4 14

Recursion has two solutions.
Forward direction: error solution grows faster than M9, — unstable

Backward direction: M9 grows faster than error solution - stable!
Match at £ = 0.



Accurate
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And fast!

TABLE I. Performance results.

N*| Ny |Ng®| bmax ||2F1 0, | M2, | C¢ || Total?| 10°
1600| 1 1 [ 500 || 326ms |215ms|28ms|| 569 ms| 68 ms
1600 1 1 {1200 393 ms [446 ms|60ms|| 899 ms| 142 ms
1600(1600| 1 [1200|] 404ms |453 ms|69ms|[926 ms|163 ms'
3200({3200( 5 [1200|| 3.85s | 3.44s [0.45s|| 7.74s | 1.10s
* Number of sample points on the power spectrum P(k)

b Number of redshifts, or number of y

“ Number of ratios R = x'/x

4 Sum of the three preceding times

° Time spent reading and writing to disk

' Since we are only interested in compute times here, we did
not save all 1600 values to disk in this case.



Map k-space to {-space

Why It works

103 p———rrr R=10 1.0 x 108 103 R=10 1.0 x 108

kp' Trn (2-FAST) 47 % 109 2 Ak k2 je(knx) je(kn R) L7 109

2.1 x 107" 2.1 x 107"

10° 5 ' {9 % 1010 102 = — _ 8.2 x 1071

~ 0.0 ~ 0.0

: —8.2 x 1071V —8.2 x 10710
1015' —2.1x 107 1015_ 1 [H-—21x10"
2 —4.7x 107 ¥, —4.7 %107
08 e e N T

k, in [h Mpc™1] k, in [h Mpc™1]

2-FAST Traditional numerical integration:

2 5 . .
HJEE’(X:R) — Z }&kﬂ ki .:"E(kﬂ)() .;’E’(knRX) P(k"ﬂ) .

TL - =
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Example: CMB lensing

- —— CAMB
—-—- Limber ¢
. ——-- Limber ¢+ 0.5
Limber \/ ¢(¢ + 1) LoVerde,Afshordi 2008
2-FAST
T A —

Limber’s approximation:

- X« 27
CyY ~ / dy . (j() P (y)
‘ 0 X X



Example: lensing-galaxy cross C

107°  _.== E 3 | : X+ /X’ Yt — X
: / Cy (Xxs X)) = %Qmﬁﬁ 04+ 1)/ dln R’ N
I 0 *
D(z)D(')
L 10E : C T
£ : o : x (b'wy oo(X"s R'X") = f'w) 50 (X' R'X")]
- —-—- Limber / | | -
_ e (60)
o8k T Limber ¢ + 0.5
: Limber +/£(¢ + 1) :
— 2-FAST
et - — The lensing-galaxy cross correlation is the
0.05 n IO E : : : :
= S N : dominant contribution to the correlation
R T T between local galaxies and high-redshift
—0.05fp -~ S S galaxies.




Conclusion

Expressing projection integrals as convolution integrals allows the use of the Fast
Fourier transform

Can precompute cosmology-independent parts

Useful for perturbation theory, and calculating auto- and cross-correlations

o0

Z(T> _ /Ooo L2dk P(k) ]ﬁ(kr) Wopr (XaX,) _ %/0 dk 12 P(k) ]E(kX) jﬁ’(kX,)




Backup slides
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BAO or no BAO?

no BAO

x=X/R X =X/R



w, as function of {
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We start from the integration of power spectrum over-
lappinig with one spherical Bessel function:

)= [ KAk p gy Jelkr) (10)

272 (kr)v

We here briefly outline the method, and present some
examples, including the calculation of the real-space cor-
relation function £(r) = £j(r) and its first and second
derivatives.

The key observation is that, by introducing logarithmic
variables k£ and p such that

k = koe” r = roe’, (11)

with some pivot kg and rg, the integration in Eq. (10)
can be expressed as a convolution:

22V

k.3 —qp 00
&) (r) = 0° / dr e~ D* P (kger)

— 00

% ela—v)(k+p) je(ae™P) . (12)

Here, we define @ = kgrg. That the convolution in real
space is multiplication in Fourier space motivates us to

introduce the Fourier transform of the spherical Bessel
function M, ?(t):

> dt .
a7 jyae’) = [ SmeT M), (13

oo 2T

The first integral

with which and ¢9(t) that we defined earlier |!
Eq. (10) becomes

crr) = N [™ S ewmgain myate)

oY oo 2T

5q. (6)],

(14)

M;’q(t) — / do e—itcr B(q—u)cr jg((ﬁ]ﬂﬁ’g)

— OO

|

00
att—q—l—u / ds Sq—u—l—zt jg(S)
0

=a" T (g —v —1—1it). (15)
The integral ug(n) is given by
wn)= [ dss™ ) = 2R o
(16)
Talman 1978



Key idea: Hankel transformation

1014 | | | | |
TN Input P(k)
. . .
d 1071 N\ Windowed P(k)
K = \ ) -=== Transformed P(k)
ikx (3—q)K K = 10'F -
pl(z) = o € e 3= " P(koe) 2
TT = 10-1F :
‘ < 107 -~ _
P(k) = e B~D% [ dze "% ¢p9(z) : | \
1071 - "\, -
10—1'5 | | |
%107 ' : ' . '
~ H— 7,
4 —107° ] ]
| il | L |
0% 1077 107 107 10° 107 10"

k in [h/Mpc]

Operationally, it can be done by an FFT of the power spectrum
sampled at reqgular intervals in log-k space. (FFTlog: Hamilton 2000)
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