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T wo Integrals

Projection onto real space:

Projection onto spherical
harmonic space:



Perturbation T heory

Projection onto real space:

Schmittfull et al 2016, McEwen et al 2016, Fang et al 2016



Projection onto spherical harmonic 
space

Survey volume 
auto- and cross-
correlations

Interlopers

Survey galaxy-interloper 
cross-correlations

Lensing magnification is the 
dominant cross-correlation 
between galaxy samples with 
large separation in redshift.



Linear redshift-space distortions

● Need wℓ with second derivative on the spherical Bessels
● Can be expressed as a linear combination of wℓℓ’ with ℓ’ = ℓ ± 2.
→ Lot’s of wℓℓ’ are needed!

We don’t want to spend a 
week on a supercomputer to 
compute these.

A minute on a laptop is better!



Problems with the two integrals

• Spherical Bessel functions are Oscillatory, and decay slowly (~1/x).

• Coefficients are exponentially complex for higher ℓ. (need ℓ~1000)

• Integration must be done from 0 to infinity, that is, over many many 
oscillations.



j(x)

Need up to ℓ ≈ 1000



Key Idea: Projection 
is Convolution!

Talman 1978

●  Introduce logarithmic variables → Convolution integral!
●  Convolution is Multiplication in Fourier-space
●  Can calculate convolution kernel analytically
●  Use FFT



T he first integral: ~1.3ms on laptop!



T he second integral



T he second integral



T he second integral



T he second integral



T he second integral



T he second integral

Talman 1978 had ℓ = ℓ’

ℓ ≠ ℓ’ needed for redshift-space distortion

How to calculate Mq
ℓℓ’
(t,R) for large ℓ? 



T he second integral

Talman 1978 had ℓ = ℓ’

ℓ ≠ ℓ’ needed for redshift-space distortion

How to calculate Mq
ℓℓ’
(t,R) for large ℓ? 

Gauss hypergeometric function



Walking in (ℓ,ℓ’)-space

Recursion relations:

  Unstable: ℓ → ℓ + 1

  Stable:     ℓ → ℓ – 1

  Stable:  ∆ℓ → ∆ℓ – 2  if R < 1

  Stable:  ∆ℓ → ∆ℓ + 2  if R > 1



Miller’s algorithm: Backwards Recursion

Recursion has two solutions.
Forward direction: error solution grows faster than Mq

ℓℓ’
   → unstable

Backward direction: Mq
ℓℓ’
 grows faster than error solution → stable!

Match at ℓ = 0.



Accurate

Comparison is with Lucas 1995



And fast!



Why it works

2-FAST Traditional numerical integration:

Map k-space to ℓ-space



Example: CMB lensing

LoVerde,Afshordi 2008

Limber’s approximation:



Example: lensing-galaxy cross Cℓ

The lensing-galaxy cross correlation is the 
dominant contribution to the correlation 
between local galaxies and high-redshift 
galaxies.



Conclusion

Expressing projection integrals as convolution integrals allows the use of the Fast 
Fourier transform

Can precompute cosmology-independent parts

Useful for perturbation theory, and calculating auto- and cross-correlations



Backup slides



BAO or no BAO?



w
ℓ
 as function of ℓ



T he first integral

Talman 1978



Key idea: Hankel transformation

• Operationally, it can be done by an FFT of the power spectrum 
sampled at regular intervals in log-k space. (FFTlog: Hamilton 2000)
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