
Generic instabilities of 
non-singular cosmologies in 
Horndeski theory:
A no-go theorem

Tsutomu Kobayashi
Rikkyo University

Based on 

TK, PRD94 (2016) 04351 [arXiv:1606.05831]

COSMO 17, Paris, France

小林努 

立教大学



Introduction
Inflation is an almost perfect scenario, but 

Initial singularity 

Trans-Planckian problem 

Non-singular cosmologies: bounce, Galilean Genesis, … 

Null energy condition (NEC) 

Stability?

Ḣ = �4⇡G (⇢+ p) > 0

Battefeld & Peter 1406.2790 
Brandenberger & Peter 1603.05834

Borde & Vilenkin gr-qc/9612036

Martin & Brandenberger hep-th/0005209



NEC and stability
Quadratic Lagrangian for curvature perturbation  
 
 
Ghost/gradient instabilities if 

             cosmologies are unstable if NEC is violated: 

Galileon-type 2nd-order theories, 
 
 
 
admit stable NEC-violating solutions, because        and        
are not correlated with the sign of

GS < 0 /FS < 0

P (�, X)

X := �1

2
(@�)2

FS GS

Ḣ

L =
R

2
+G2(�, X)�G3(�, X)⇤�+ · · ·

L = a3
h
GS(t)⇣̇

2 � a�2FS(t)(~r⇣)2
i

FS = (8⇡G)�1(�Ḣ)/H2



Stable non-singular cosmologies?
Stable NEC-violating phases are possible 

But, known examples exhibit instability 
at some moment in the entire history 

Typically, 

gradient instability at the bounce point 

at the transition from NEC-violating phase to another 

or at some moment after the bounce

Creminelli, et al. 1007.0027; Qui, et al. 1108.0593; Easson, et al. 1109.1047; 
Osipov & Rubakov 1303.1221; Cai, et al. 1206.2382; Koehn, et al. 1310.7577; 
Pirtskhalava, et al. 1410.0882; TK, Yamaguchi, Yokoyama 1504.05710; ……



Example 1 (Bounce)
Koehn, Lehners, Ovrut 1310.7577

Gradient instability at the bounce
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Figure 9: This plot shows the evolution of the quantity z2(H + 1
2g�̇

3)2/(a2�̇2) over the time of the bounce.
The positivity of this quantity ensures the absence of ghost instabilities of scalar curvature perturbations.
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Figure 10: This plot shows the evolution of the square of the speed of sound c2s during the bounce phase.
A brief period of instability arises when c2s becomes negative – this causes an extra growth of the curvature
perturbation ⇣.

2. Stability of ⇠

Supersymmetry requires the presence of a second real scalar field ⇠. Although this field does not

contribute to the background dynamics in our model, its fluctuations are nevertheless of crucial

importance. Indeed, we must verify under what conditions this second scalar can destabilize the
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Figure 3: The scale factor around the time of the bounce. Our numerical evaluation starts at �0 = 17/2
with �̇0 = �10�5, a0 = 1 and H0 is determined by the Friedmann equation. We are using the parameters
 = 1/4, ⌧̄ = 1, ḡ = 1/100. The figure shows a zoom-in on the most interesting time period, namely that
of the bounce. One can clearly see that the bounce is smooth. The next three figures plot the evolution of
various quantities during that same time period.

described by the approximate solution

a(t) / (�t+ t0)
1/3, �(t)� �0 = �

r
2

3
ln(�t+ t0), (II.14)

where t0,�0 are constants, with t0 representing the time of the would-be big crunch if the higher-

derivative terms were absent, while �0 = �
ek�end

+
p
2/3ln(t0� t

ek�end

) is determined by matching

onto the ekpyrotic solution above. During the kinetic phase, the equation of state is given by w = 1,

so that anisotropies remain small while the homogeneous curvature is further suppressed.

As the scalar is nearing � = 0, its kinetic term starts switching sign while the higher-derivative

terms become important. The Einstein equations imply that Ḣ = �1
2(⇢+ p), i.e. that the Hubble

rate can only increase if the sum of energy density and pressure is negative. This is the same

condition as that for a violation of the NEC. Only when this sum is negative can the universe

revert from contraction to expansion in a non-singular way. Thus a necessary condition for a

bounce to occur is that we must have

⇢+ p = k(�)�̇2 + ⌧(�)�̇4 + g(�)�̇2�̈� 3g(�)H�̇3 + ġ(�)�̇3 < 0 (II.15)

a(t)

c2s(t) = FS/GS



Example 2 (Galilean Genesis)
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Figure 4: Numerical solutions to the theory (2.19), exhibiting the genesis - dS transition.

Shown are the time evolution of quantities ⇡̇0, " = Ḣ/H2, H and the squared speed of

sound c2s of the curvature perturbation ⇣ (for early enough times not displayed in the plots,

c2s asymptotes to one as required by galilean genesis [10]).

Fig. 4 illustrates a typical solution from our numerical study, obtained by integrating

expressions for Ḣ and ⇡̈ with the initial conditions, relevant for galilean genesis. We have

assumed � = 0.001 and MPl = f = 106 ·H0, setting H0 (related to ⇤ as in (2.5)) as the unit

mass scale. Shown are the (time dependent) background quantities ⇡̇0, " = Ḣ/H2, H and

the squared speed of sound c2s of the curvature perturbation ⇣. For early enough times not

displayed in the plots, c2s asymptotes to 1 due to the emergent conformal symmetry. The

graphs for the Hubble rate and the time derivative of ⇡0 clearly show the genesis - de Sitter

transition, the scalar field acquiring a liear ⇡ / t profile at late times.

An explicit computation of the quadratic ⇣ action for the theory (2.19) is carried out in

detail in appendix A. While complete stability and (sub)luminality of the given backgrounds

can be readily checked analytically at both asymptotics, the short transition region between

the two phases displays gradient instability, at least for the values of parameters that we have

been able to cover in numerical studies (we have checked explicitly that for all considered

33

Pirtskhalava, et al. 1410.0882 
TK, Yamaguchi, Yokoyama 1504.05710

Gradient instability at the transition from Galilean Genesis to inflation

H(t)

~ Minkowski

~ de Sitter c2s(t) = FS/GS



Example 3 (Bounce)

c2
s

< 0
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e2� < 0

c2s < 0
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Figure 4: Phase portrait for the conformal Galileon model, Eq. (4.3) in rescaled coordinates
h = (f/⇤)3/2H, µ = (f/⇤)3/2�̇. The main figure shows the stable region where µ > 0. The
inset depicts the time-reversed region with µ < 0. The solution is under control fully only in
the light blue regions: pink corresponds to dynamically inaccessible regions, white—to negat-
ive sound speed squared. Yellow and orange are regions where curvature is transplanckian for
(f/⇤)3 = 1, 2, respectively. The blue line is a typical healthy bouncing trajectory (presented
in [78]): it originates from a region where the theory is strongly coupled, but the background
solution evolves as a collapsing radiation-dominated cosmology; the universe then bounces
in a healthy region and then the trajectory very rapidly crosses into the region where c2

s

< 0
and the classical solution should not be trusted. The red trajectory is the Galilean Gen-
esis trajectory [76]: it begins in the vicinity of the Minkowski origin; the universe is always
expanding and eventually the trajectory crosses the line c

s

= 0 around h = 0.6; depend-
ing on the choice of parameters this happens either before or after the curvatures become
transplanckian. Both the trajectories merge to an attractor which evolves toward a Big Rip
singularity. In the inset in green, we have marked a trajectory time-reversed with respect to
the blue discussed above: this one begins in a (collapsing) Big Rip singularity, at some point
crosses into a region of positive sound speed squared, bounces and then proceeds to expand
in a radiation-domination-like phase which is also strongly coupled.
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Easson, Sawicki & Vikman 1109.1047

Stable bounce, but eventually c2s < 0

H

�̇



Question to be addressed
Is the appearance of gradient instabilities 
generic or model-dependent nature?

L =
R

2
+G2(�, X)�G3(�, X)⇤�

A partial answer was given by Libanov, Mironov & 
Rubakov 1605.05992 

All non-singular cosmological solutions in  
 
 
are plagued with gradient instabilities 

This talk: The no-go theorem can be extended to the 
most general 2nd-order scalar-tensor theory (Horndeski)

See Shingo Akama’s talk for the case of multiple scalar fields



Horndeski theory

The most general scalar-tensor theory with 2nd-order 
field equations 

Einstein + canonical scalar, Brans-Dicke, f(R),  
k-essence, covariant Galileons, 
dilatonic Gauss-Bonnet, … as specific cases

L = G2(�, X)�G3(�, X)⇤�+G4(�, X)R

+G4,X

⇥
(⇤�)2 � (rµr⌫�)

2
⇤
+G5(�, X)(· · · )

Horndeski (1974); Deffayet, et al. 1103.3260; 
TK, Yamaguchi, Yokoyama 1105.5723



Perturbations in Horndeski
Tensor perturbations

FT := 2
h
G4 �X

⇣
�̈G5,X +G5,�

⌘i
> 0

GT := 2
h
G4 � 2XG4,X �X

⇣
H�̇G5,X �G5,�

⌘i
> 0

Stability

Stability FS :=
1

a

d

dt

✓
aG2

T

⇥

◆
� FT > 0, GS := · · · > 0

with ⇥ := ��̇XG3,X + 2HG4 � 8HXG4,X · · ·

Curvature perturbation

L = a3
h
GS(t)⇣̇

2 � a�2FS(t)(~r⇣)2
i

TK, Yamaguchi, Yokoyama 1105.5723

L =
a3

8

h
GT (t)ḣ

2
ij � a�2FT (t)(~rhij)

2
i



Proof of no-go
Consider a non-singular, spatially flat FLRW solution, 

Stability 

                                              never vanishes  
 
in a stable non-singular universe 

       satisfying these requirements must be …

FS =
1

a

d

dt

✓
aG2

T

⇥

◆

| {z }
=: ⇠

�FT > 0 ) d⇠

dt
> aFT > 0

⇠ =
aG2

T

��̇XG3,X + 2HG4 + · · ·

(�1 < t < 1)

⇠(t)

(Tensor stability)

> 0,(        Tensor stability)

TK 1606.05831

(Scalar stability)

(         non-singular)< 1,

a(t) > 0, H, Ḣ, · · · < 1 (�1 < t < 1)



⇠(t) ⇠(t)
t

t

Non-singular cosmological solutions are stable at 
any moment in the entire history only if

is convergent

⇠ ! const⇠ ! const

: monotonically increasing function that never crosses zero⇠(t)

0 < aFT <
d⇠

dt
) 0 <

Z t

�1
aFTdt

0 < ⇠(t)� ⇠(�1)| {z }
< 1

Z t

�1
aFTdt

0
or

Z 1

t
aFTdt

0

Stability



⇠ =
aG2

T

��̇XG3,X + 2HG4 + · · ·

⇠(t)

t

= 0 here

t1

Z t1

�1
aFTdt

0 < ⇠(t1)� ⇠(�1)| {z }
< 1

Discontinuity in     does not change the conclusion⇠



What does                  mean?
Disformal transformation 

“Einstein frame” –– Gravitons propagate along null geodesics 

Past incompleteness in the Einstein frame 
 
 
 
 
–– Geodesically incomplete for the propagation of 
the gravitons

aE = M�1
Pl F

1/4
T G1/4

T a, dtE = M�1
Pl F

3/4
T G�1/4

T dt

LE =
M2

Pla
3
E

8

h
ḣ2
ij � a�2

E (~rhij)
2
i

Creminelli, et al. 1407.8439; 
Creminelli, et al. 1610.04207

Z t

�1
aFTdt =

Z tE

�1
aEdtE < 1

Affine parameter of a null geodesic

Z

�1
aFTdt < 1



Summary
All non-singular cosmological solutions are plagued with 
gradient instabilities at some moment in the entire 
expansion history in the Horndeski theory  
(the most general 2nd-order scalar-tensor theory)  
if graviton geodesics are past and future complete

A new operator               (in EFT) that is present in GLPV 

Higer spatial derivatives,        , …

R(3)�N

⇣@4⇣

Gleyzes, et al. 1404.6495Cai, et al. 1610.03400; 1701.04330; 1705.03401; 
Creminelli, et al. 1610.04207; 
Kolevatov, et al. 1705.06626

Gao 1406.0822

Pirtskhalava, et al. 1410.0882; 
TK, Yamaguchi, Yokoyama 1504.05710

To evade no-go, one must go beyond Horndeski


